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Testing as Inference

= Along with estimation, hypothesis testing Is one of

NSTROCTOR
REVIEW.cOPY

In testing, we ste asserting a
claim about the @

*We then collect a sample to test ttis claim
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Claims that are tested

« In particular, we test a claim that the population

13N63*Te R”UP@T() R

rating  is 52%
- The average IifﬁNcL
i is 80 years
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Null and alternative hypotheses

= The claim that is being tested is known as the null

INSTRUCTOR

Examples

REVIEW COPY
- To the nul hypsNa:lﬁ%ys an

alternative hypothesis, often denoted H,
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Different alternatives

= There are different kinds of alternative hypotheses

INSIRUCTIOR.
- EV[@W &“‘b PY

— asserts the direc iInpwhighgthe pothesis is wrong
— will either conta N an” of “less than” sign

— examples: H,: > 52% or H,: m < 52%
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Reject or not reject

= The test is conducted by collecting a sample and

INSTRUCTOR

proportion p = 37%, this suggests that the claim is wrong

hypothesis claim, so you reject it; or

om\N:Ito Vdict it, so you do

= Note: the null hypothesis is never “proven”!

— do not have en
not reject it
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Conducting the test — assume H; Is true

= Detalils in the methodology depend on the context

HiEVIEWCOPY

Hy m# 52%
*We assume thaQaN)LuM T 1S 52%

(Note: we will return to this example throughout)
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Where the assumption leads

Why do we make this assumption?

JINSTRUGIOR.
WI?VTEW COPY

= [n particular, we can:
— see what the as es mpling distributions
— then see how a Inst this
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Example

= Consider the government approval rating example

ANSIRNUCIOR
*What does the assumptionthatz is 52% tmply?
REVGEW.COPY
mpliQg distr utlonrG)mPaIY
— ithas mean = = 0.52

— It has standard 0|NIW 0.025
N
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Example continued

=We can go further than this!

standard deviations of the mean, so

we’ll suspect th

e assumption is_ wrong!
@ &iof Mucting, and
concluding, our hypothe

= This provides u
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Example continued

Sampling distribution of the proportion (if the null hypothesis is true)

s TOR

0.471 2 0.569
= S0 once we ha@lN sMe, either p:
— Is outside 0.471 and 0.569, e Teject assumption
— Isn’t outside the values, so we don’t reject the assumption
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Level of evidence

= Note: the boundary values depended on the fact

ANSIRUCTOR

evidence we ‘demand’ before we reject H

FREAA AN (Y
S e feve| ichif¥can r test

To see howto c t stat any ‘level’, we
must relate the I iEb¥; to the standard
normal distributi
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The z-score of a sample statistic

* In the government survey of 400 people, say we got

SNSTRUCGIOR,

the z-score of this sample proportion Is:

REVIEW.COPY

\/71(1—7?) 0.52x0.48
n O 0

= This Is known as the test statistic for the test
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Test statistic

= The test statistic (2.4) Is the value of the sample

JNgﬁTRU@’ilT@
= |t Iooks unlikely In that

!e assumpilon WEE wrong :
= But can we be pQ : (:) >4

test statistic/
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Level of significance

*We get more precise by defining a number at the

INSTRUCTOR

=This Is a number between 0 and 1 that determines

REXYIEW-COPY

* The lower « Is, the more evidence you require
You actually ch ¥

O
your test at the beginnin
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Level of significance (continued)

« |t is analogous to the level of significance in a

ANSIRUCGIQR
REVIEW'COPY

— A '95% hypothesis test’ means o = 0.05
— A ‘90% hypothe

a f—
= This Is what we QM\L}OEI before when we

mentioned running a test at different ‘levels’!
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Level of significance (continued)

= Technically, o Is defined to be the probability of

SANSTRUCTOR

region of rejection for your test, which determine
Inp

EVIEW.CGQRY.

Z-scoresin Z
= The conclusion Nhill¥end on how the
test statistic compares't y4

-SCOres
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Critical values and region of rejection

nere will be one or two critical values for the test

INSTRUGIOR.
REMIEW COPY

= The conclusion of the test will depend on whether or

not your test staﬂi i tt rY of rejection
= Critical values a 0 jection will depend on

whether the test Is one-sided or two-sided

.
T
.
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Two-sided tests: critical values

* The government approval survey was two-sided

IzNi$TRU CTO_R

these are z-sco
so that, as a pr ,

of Z lies outside the values

B INTRODUCTORYSTATISTICS
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Two-sided tests: region of rejection

- For a two-sided test, the region of rejection is the

HISTRUCTC

rejection

are z; s = 1.645

= The region of rejeetio et ©f values greater

than 1.645 and values less than -1.645
INTRODUCTORYSTATISTICS 2




Two-sided tests: conclusion

= Recall in the government approval survey, a sample

INSTRUCGIOR

=T roportio a statis fZz =W 4

- | atisticls.in.the regio rejecti u
je mdam’'t 0

= The test statistic 8f2.4.1S aley than 1.645

=So 1t is in the \@o En d H, Is rejected

= That is, we conclude the approval rating isn’'t 52%
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One-sided tests: critical values

* Now suppose the approval survey was one-sided

INSTRUCTOR
HEMEW COPY

« If the alternative hypothesis was the other way (that

IS, © < 52%) the itigah valde avould be -7
= Either way, the N IS, defined so that, as a

proportion, o of Z lies to one side of the value
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One-sided tests: region of rejection

*In a one-sided test, the region of rejection is the set

ANSTRUCTOR"

— If the critical value is z , it is the values greater than z,

critical value is -

region of . : region of
rejection : ! rejection

-Z 0

E INTRODUCTORYSTATISTICS 23



One-sided tests: conclusion

= In principle, the rule for concluding a one-sided test

INSTRUETOR
EOPY

re the'test statistic to
Ine Iits conclusion

— If the test statistic is Iin the region

REVAEW
I

= S0 In elther test@N)
the region of rejectionto
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Hypothesis testing: step-by-step

= Step 1: State the hypotheses H, and H,

INSTRUCTOR
- ' u the S H
REVIEWEGOPY
= Step 30 Choose a level of S|gn|f|cance o

— this indicates t require
— and it determlan EEes nd region of rejection

— some common levels are 0.1, 0.05 and 0.01
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Hypothesis testing: step-by-step (cont’d)

= Step 4. Determine the critical value(s)

lNSIRUQIQR

‘.
v

otermine the elo of re ect
oN\Wi NC ritic IvaI
Alt
Hy: T # 52% Hy: > 52% HA 7t < 52%

hypothesis

Critical
Z,,&-
value(s)
Region of S g7 <7
rejection o/2 o/2

B INTRODUCTORYSTATISTICS 26



Hypothesis testing: step-by-step (cont’d)

= Step 6: Collect a sample, calculate a sample statistic

INSTRHCTOR
REVIEW COPY
\ AN
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— If the test statisticd
null hypotheS|S

— if the test statisti NL

reject the null hypothesis




Considerations in hypothesis testing

= The step-by-step guide shows how to conduct a test

ANSTRUCTOR
REMIEWSLEPY

= The step-by-step guide doesn’t tell you how to make
these decisions!
*They're JudgmeQNclélYuan must make
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Level of significance considerations

= As we've seen, o has a large impact on the test — it

INSTRUETOR
REVIEW-COPY

e lower you Sset a,

= S0 how do you QN&ImeII
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Level of significance and error

= Your decision may be impacted by the fact that o Is

ANRETRUCGTOR

“o IS the bility of I'® null S

when it is true and shouldn’t be rejected

REVIEW-COPY
IS tion | test!

* [t only means thalmwhile n

you happened t shpl

that It wasn't

hypothesis IS true,
at suggested
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Uncertainty In testing

= This highlights a vital fact: testing Is not certain

INSTRUCTOR
REVIEW COPY

= But this doesn’t mean you’ve done anything wrong!

* |t just means thaQ NFL)MU gathered from

the sample didn’t match the population
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Example

= Suppose you are testing whether a coin is fair

HNSTRUCTOR
REVIEW.CORY

up heads every time

-You'd probably amxasn’t fair!
«But it is possible ng, and you just
got a really unlikely sample
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Type | and Type Il errors

= This is an example of a Type | error — you rejected

ANSTRUCTOR

REVIEW- CORY
If you do not reject the null hypothesis when it is
false and should e, rejecte

= This Is known a Q 3 rroY

= The probability of a Type Il error is denoted 3
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Type | and Type Il errors (continued)

* Depending on how the conclusion from the test

bR W LR,

cells In this table:

o v M tfal

Null hypothesis
rejected

Type | error correct

\

carrec Type Il error

{
Null hypothesis not '.
rejected

E INTRODUCTORYSTATISTICS s



The relationship between o and p

= At a fixed sample size, o and [ are inversely

ANSIRUVCGIOR
=T S, a nﬁ Wwin se'th :

— As you decrease o, you decrease the region of rejection
REMIEW -COPY
= S0 at a fixed sample size, you can’t make both
errors complete@iN LY
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Increasing the sample size

= S0 the answer lies In increasing the sample size

JNEERHCTOR
BEVIEREEEy

e sample size, you can:

— decrease «
— decrease [3; or O N I Y

— decrease hoth

INTRODUCTORYSTATISTICS a6



Power

= The only positive conclusion you can draw from a

ANSTRUCTOR
R Yy n I he'nu rae!

- ; er; IS, a eiﬁfe 0 it

= In fact, the power of a test Is defined to be the
probability of rejeetinggth | itis false, 1 - B
=You can increaw;]incre sing sample size,
decreasing the level of significance, or both

INTRODUCTORYSTATISTICS a7




Testing the mean

= So far, the examples we’ve seen all relate to testing

TNSTRUETOR"
AL EP Y

= However, as with confidence interval estimation, If

the population s 1a IS not known,
you must use th L In

ead of Z

= This has a few effects on the running of the test

INTRODUCTORYSTATISTICS a8



Testing the mean, ¢ unknown

= The critical value(s) will be t-scores from the correct

“INSTRUCTOR

— For a one-sided test, itis t, or -t, (depending on H,)

BREVIEW-COPY

g he“Co¥r -distriibut 0

= The test statistic is,found using the sample standard
Nﬂk\!stard deviation ¢
be a t-s . nOt a z-score

deviation s, not

— This test statistic
= But everything else about the test is the same!
INTRODUCTORYSTATISTICS 3




Example

= Average life expectancy was 80 years, but we want

INSTRUCTOR
REMIEW-GOPY

collect a sample pans

= The critical valug IS t 1S
t-distribution wit @ of

= Statistical software tells us this value is t; - = 1.66

score t, o5 In the
edom
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Example continued

= S0 the region of rejection is the set of values greater

SNSIRUCTOR..

and the sample standard deviationis s = 12 iears

REVIEW €0PY
S ONLY
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The test statistic

In the region of rejection so we

region of
rejection

16617

test statistic

B INTRODUCTORYSTATISTICS
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Test conclusions

= One of the big differences between estimation and

RBEVIEW: CGOPY
ausnamers CHNA Y
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Likelihood of a sample

= The critical-value approach to testing requires us to

INSTRUCTOR
REVIEW-EORY
(SoFfatd 1 1) b it

e null hypothesis,
even If the null hypothesis is not technically rejected
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Example

= Suppose we have a one-sided test on the amount

TNSTRUCTOR
REVIEW-CORY

- This gives a tesgN :y
= So how ‘extrem this ean?
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Example continued

-WeII the chance of getting a sample mean that large

ANSTRUCTOR

= The standard normal table tells us this is 5.48%

as 303.2 mg

= This is fairly sm N Y
=We might even consider this evidence that the null

hypothesis isn’t true!
INTRODUCTORYSTATISTICS 4




P-values

= This i1s known as the P-value approach to testing

'fomﬂTRU@I OR:

assum p%lon !! I!e nu|| hypothe5|s IS ;rue Y
= The less likely, th ence against
the null hypothe WL
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One-sided vs two-sided P-values

= Just as with critical values, the P-value will depend

ANSTRUCGTOR.

the likelihood of obtaining a test statistic as Iar?s
|
REﬂjEIt native QothBp ed
that the mean was larger than 300 mg
= Depending on tQNlthe¥maﬂve
hypothesis, the P=Val 1 nge

INTRODUCTORYSTATISTICS o




One-sided vs two-sided P-values (cont’d)

= The P-value of a test statistic will depend on H,

..f! N = LRY QTQB

r er
testsalstlc hat sm Ior smaller that IS, negative)
“If Hy: pn # 300, ‘NI Ylllty of getting a

test statistic tha from O
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