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Chapter 6

Sampling distributions
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Often we will want to know something about a
population, meaning we want to know a

Examples
In a nationwide test, what is the ?
What of people choose chocolate as their

favorite ice cream flavor?

We answer such questions by studying a sample
e.g. get sample of 100 test scores, calculate sample mean

We use sample measurements (sample mean) to
Infer population measurements (population mean)
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But why can we do this?

For example, If a different 100 test scores happened
to be collected, we'd get a different sample mean

Samples, and sample statistics, vary

So why should we trust the sample mean to tell us
anything about the (fixed) population mean?

The reason we trust the sample mean is that
samples behave ‘nicely’
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So what does nicely mean?
There’s two important facts about sample means

While sample means x do vary from sample to
sample:

they vary about the population mean, u
they don’t vary ‘much’

This second property is a bit vague
We need to be more precise than this!
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We must acknowledge that, for a given population,
there are entire of

For example, suppose X is a numerical variable and
we collect a sample and calculate x

There are lots of different 5
nossible values for X RSO
n fact, there is an entire O —x
nopulation of values!

Population Samples Sample
means
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Sampling distribution

* The population of all possible sample means is
denoted by X

* The sampling distribution of the mean is the
probability distribution for this new variable

* [t describes how the sample means ‘behave’
— What sort of sample means are possible?

— Are certain sample means more likely than others?

— How much do the sample means vary from one another,
and from the population mean?
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Example — a small population

* Let X be the population of four values {1, 2, 3, 4}
« Assume every value is equally likely:

p(x)

X
1
2
3
4

« X has mean p = 2.5 and standard deviation ¢ = 1.12
= Now suppose we draw samples of size 2

= What sort of sample means could we get?
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For samples of size 2, it can be shown that X has
the following probability distribution:

X p(x)

X has a mean of 2.5 and standard deviation of 0.79
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Example — a small population (continued)

- Notice the mean of X is the same as the mean of X
= S0 sample means center on the population mean

- There is less variation in X than in X

* The sample means don’t just center on the
population mean — they are concentrated there

» Sample means tend to stay ‘close’ to u
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To be precise, suppose we have any numerical
variable X with mean . and standard deviation ¢

Denote by? the set of sample means for samples
of size n

Then the mean of X is u and the standard deviation
is equal to o/\n

So the variation in sample means decreases If:
the variation in X itself is small
the sample size is large
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Shape of the sampling distribution

-What about the shape of X?
= |If X IS normal, then so Is X

- But even if X isn’t normal, the sample means X still
approximately follow the normal distribution,
provided the sample size is large enough!

= This fact is a powerful result in statistics, known as
the Central Limit Theorem
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Central Limit Theorem

= This I1s one of the most useful results in statistics:

Suppose X is any numerical random variable
with mean p and standard deviation c. Then for
sufficiently large sample sizes n, the sampling
distribution of the mean, X, Is approximately
normal with mean p, standard deviation o/\n

= Typically, sample sizes of 30 are ‘sufficiently’ large
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Proportions in categorical variables

= So far we have been looking at numerical variables
What if X Is categorical?

* Then the values of X are categories, and we can
ask what proportion of values fall in each category

« Example: Favorite ice cream flavor out of chocolate,
strawberry and vanilla '

- These 3 flavors are
the 3 categories

*What proportion of people prefer chocolate?
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Population proportion

* Suppose we happen to know the proportion is 40%

* This Is known as a population proportion, and Is
typically denoted =

= Just as with the population mean, we can estimate
the population proportion by drawing samples from
X and calculating a sample proportion, p

« Example: You might run a survey of 100 people and
find that p = 39% of this survey prefers chocolate
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Distribution of sample proportions

= Just as with the mean, the sample proportion we get
will change, depending on the sample we choose!

— e.g. someone else might run a survey and get p = 42%

« But, like with the mean, we’d expect the sample
proportions to stick close to

= And this Is true!
* The variable of all sample proportions is denoted P

* The sampling distribution of the proportion is the
probability distribution of P
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Sampling distribution of the proportion

= Our scenario: X is a categorical variable, and we
are interested In the proportion,n , of values that
falls in one of its categories

* P Is the variable of possible sample proportions, p,
for samples of size n

* Then P approximately follows the normal
distribution with:

— mean equal to the population proportion, 1 =«

— standard deviation given by az\/ﬂ(l- 7)
n
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So far we've been able to describe the behavior of
samples relative to the population parameters

That Is, given a numerical variable X with a
population mean 1, we have been able to describe
the behavior of sample means x

And given a categorical variable P with a population
proportion , we have been able to describe the
behavior of sample proportions p

But we really would like to go the other way around!
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What sampling distributions tell us already What we’d like sampling distributions to tell us

M or TU known We’ve collected a sample and calculated
the sample mean or sample proportion

sampling sampling
distribution distribution

4 v

We can say how samples behave What might LL Or TC look like?
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When we use our knowledge of a sample to

conclude something about the population, we call
this

Sampling distributions can help us with this

Basic idea:

You collect a sample and measure the sample statistic
(e.g. mean or proportion)

You then judge the likelihood of this sample relative to
different values of the population parameter, by
considering the sampling distribution
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Suppose your friend has two normal distributions
X has a mean of 50 and a standard deviation of 5
Y has a mean of 55 and a standard deviation of 30

You are given a sample of 100 values from one of
these populations, but you don’t know which one

The sample mean is 52

Which population do you think it came from?
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Notice that the sample mean of 52 is a value in one
of the two sampling distributions, X or Y
So let’s look at those two sampling distributions:

X is normal, mean 50 and standard deviation 5/Y100 = 0.5
Y is normal, mean 55 and standard deviation 30/4/100 = 3

’f.f \\
o
45 50 3 55 60 65
sample mean = 52
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As a value in the sampling distribution X, 52 seems
extreme, it is in a very high part of the tail of X

So if the sample came from X, it was an unlikely one

In comparison, 52 does not seem like an extreme
value in sampling distribution Y

So if the sample came from Y, it was not an unlikely one

So if we had to guess, we would guess the sample
came from population Y

That Is a basic example of inference!
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There are two major fields in statistical inference:

a sample is collected and a sample statistic calculated

a range of values for the population parameter is then
given, based on the value of this sample statistic

a value for the population parameter is hypothesized
a sample is collected and sample statistic calculated

the hypothesized value is then tested by comparing it to
this calculated sample statistic
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Both methods of inference are big fields In statistics
We will study each in detall in later chapters

But the behind both methods iIs In
sampling distributions

Both methods involve studying a sample in relation
to the possible and unknown sampling distributions
It could have come from
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Estimation — example

* A survey of 625 annual incomes produces a sample
mean income of x = $65,300

= A statistician then makes the following claim:

“I am 95% confident that the true average income Is
somewhere between $64,900 and $65,700.”

=This IS an estimate

* Notice that it Is:
— Imprecise (a whole range of values is provided)
— uncertain (the statistician is only 95% confident)
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But where does the estimate come from?

Whatever the unknown true population mean p is,
the sample mean of $65,300 came from a sampling
distribution related to it

The range In the estimate
then includes only those
values p for which the $63,000 565000| - $66.000

sample mean = $65,300

sample mean Is not ‘extreme’
The detalls of this are treated in the next chapter!
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A sociologist claims that the current approval rating
of the government is 65%

This Is known as the

A survey of n = 625 Is conducted and the approval
rating in the sample is only 60%
This sample will do one of the following:

constitute enough evidence to the null hypothesis

not constitute enough evidence, in which case the
sociologist’s claim Is by this test

Note that ‘not reject’ is not the same as ‘accept’!
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As with estimation, we do this by going to the
sampling distribution

If the sociologist Is right, then the sampling

distribution of the proportion is approximately
normal with:

mean . = 0.65
standard deviation
c=0.019

Sampling distribution of the proportion

\ 0.65

sample proportion = 0.60
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Testing — example continued

= A sample proportion of only 60% seems unlikely in
this sampling distribution

* S0 we conclude that this isn’t the sampling
distribution

= That is, we conclude that the sociologist was wrong!
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